We demonstrate that the entanglement entropy area law for free fermion ground states and the corresponding volume law for highly excited states are related by a position-momentum duality, thus of the same origin. For a typical excited state in the thermodynamic limit, we further show that the reduced density matrix of a subsystem approaches thermal density matrix, provided the subsystem's linear size is small compared to that of the whole system in all directions. This provides an explicit example of eigenstate thermalization.
Introduction -Understanding the quantum entanglement in many-body systems has become more an more important in recent years. Entanglement plays an important role in characterization of phases and phase transitions in condensed matter physics. The most widely used measure of entanglement is the entanglement entropy (EE), which is the von Neumann entropy associated with the reduced density matrix (RDM) of a subsystem, obtained by tracing out degrees of freedom outside it. It is generally believed that the EE of ground states of most local Hamiltonians follow the so called "area law" [1] , which means that when a system is divided into two subsystems, the EE is proportional to the boundary area between these two subsystems. The area law is crucial for the efficiency of density matrix renormalization group (DMRG) and tensor network based variational methods for computing ground state properties. Violations of the area law are rare (other than in quantum critical one dimensional (1D) systems [2] ), and also weak in known examples. Above one dimension, the only firmly established examples are free fermion ground states with Fermi surfaces [3, 4] and coupled harmonic lattice models with Bose surfaces where gapless bosonic excitations live [5] ; the violation is logarithmic (i.e., EE is proportional to surface area multiplied by a factor that grows logarithmically with subsystem size) in both cases. Heuristic argument [6] and detailed perturbative calculation [7] strongly suggest that such a violation also exists in Fermi liquids which takes the same form as free Fermi gas, and numerics [8, 9] suggests similar violations may exist in certain non-Fermi liquid states with Fermi surfaces. Perhaps the strongest violation known thus far is a power-law enhancement of EE in a very special 1D free fermion model involving random long-range hopping [10] .
Comparatively speaking much less effort has been devoted to studies of EE associated with (highly) excited states (with an extensive excitation energy that grows linearly with system size) [11, 12] . It is generally believed EE should be extensive (i.e. proportional to the volume of the smaller subsystem) in such cases (except in many-body localized states). But explicit examples of this volume law are very rare, and existing results are either of numerical nature or on 1D systems (in fact often both) [13] [14] [15] [16] [17] [18] . Closely related to this is the eigenstate thermalization hypothesis (ETH) [19] [20] [21] : the reduced density matrix of a small subsystem approaches a thermal density matrix in such excited states, in appropriate limits. If ETH holds then EE volume law follows, but the opposite is not necessarily true. While there exist numerical evidence and analytic arguments supporting ETH for a variety of systems [19] [20] [21] [22] [23] [24] , an explicit demonstration in a simple system would be highly desirable.
In the present work we address the issues mentioned above, by studying EE and thermalization in free fermion systems. We demonstrate that for a "typical" highly excited state (in a sense to be specified below), (i) EE follows volume law. (ii) In the limit that the ratio between linear sizes of subsystem and whole system vanishes for all directions, ETH holds for the subsystem. Furthermore, in (i) we show that the area law followed by ground state EE and the volume law for excited state are related by a position-momentum duality, and thus have the same origin. Perhaps (ii) is an even more surprising result, given the fact that the free fermion Hamiltonian has infinitely many conserved quantities (namely occupation number of every momentum state is a good quantum number), a situation where one normally does not expect thermalization to occur. The difference here, as compared to other integrable system, lies in the fact that these conserved quantities do not have corresponding local densities.
Position-Momentum Duality -We consider free fermion systems with translational invariance, with Hamiltonian H = jℓ c † j h jℓ c ℓ , where c j (c † j ) is the fermion annihilation (creation) operator at site j. For a real-space partition A and its complement B ≡Ā, the RDM ρ A for any general fermion eigenstate |F takes the Gaussian form [25] 
where the (single-particle) entanglement Hamiltonian H e within A is determined exclusively by the two-point correlation function, M jℓ ≡ F |c † j c ℓ |F A , where the subscript A means j, ℓ ∈ A, via
where ½ is a V A × V A identity matrix with V A being the number of lattice sites inside A. Defining R = j∈A |j j| as the projection operator onto A [4, 26, 27] and P = k∈F |k k| In the original system in its ground state (top panel), we consider a fragmented real space partition involving a huge number of pockets distributed over the whole system. The associated Fermi sea of the corresponding GS is shown in the top right figure. This fragmented partition results in entanglement entropy scaling with the total (sub)system volume, because the area of the boundaries separating the two subsystems scales linearly with the volume. The dual system on the bottom panel from the duality should have exactly the same entanglement entropy which scales with volume. In this case, however, the fermion occupation in momentum space corresponds to a highly excited state, while the partition in real space is into two contiguous regions and thus regular. Thus duality provides a natural understanding of the entanglement entropy volume law, expected to be satisfied by typical highly excited states.
as the projection operator onto the occupied states in the momentum space [Brillouin zone (B.Z.)], with |k being an momentum eigenstate and also an eigenstate of the original single particle Hamiltonian, we can write
The position-momentum duality in free fermion systems means that the eigenvalues of M = RP R are exactly identical to the dual matrix M ′ ≡ P RP , as we now demonstrate. For an eigenstate of M , |E M , with eigenvalue λ,
namely P |E M is an eigenstate of M ′ with the same eigenvalue λ. Denoting the eigenvalue spectrum of M as spec(M ), we have [26] [27] [28] spec(RP R) = spec(P RP ).
According to Eqs. (1)- (2), the spectrum of RDM, and thus the corresponding EE, can be determined by either spec(M ) or spec(M ′ ). We take advantage of this duality in the following section.
Duality between GS and ES -We now show how to relate a ground state to a highly excited state by this duality. Consider a free fermion system in dD Cartesian lattice with total number of lattice sites V in its ground state. The associated Fermi sea in momentum space is shown in the top right panel in Fig. 1 , where the ratio between the number discrete momentum points enclosed in the Fermi sea and that of the whole B.Z. is fixed to be less than but of order 1. We consider a (somewhat unusual) partition in the position space consisting of a huge number of pockets distributed over the whole system that each encloses a large number of lattice sites, top left panel in Fig. 1 . In such a situation the volume ratio between (possibly disconnected) subsystem and total system is held to be a constant when V increases. EE of this special partition can be extracted using known results [4] , although for the following discussions we only need to use the area law scaling (with logarithmic correction). If we assume the linear size of each pocket is roughly L , EE of this partition can be estimated as
we approximate the number of pockets to be n ≃ V /L d . We thus find EE of such a fragmented partition actually scales with the system volume.
The dual system is illustrated in the lower panel of Fig. 1 , in which real space partitioning and momentum space occupation exchange. We now have in the momentum space a huge number of Fermi pockets distributed in the whole B.Z. This corresponds to a highly excited state. On the other hand, the position space partitioning is the regular one normally considered in bipartite entanglement. Using the exact duality discussed above, and the fact that the real and momentum space volumes (as measured by the number of discrete points in them) scale the same way, we conclude EE of such highly excited states exhibits volume instead of area law.
In the above we assumed L ≫ 1 so that we can use the known (area-law) results for ground states. It should be clear, however, that its actually value is unimportant for the volume law to hold. In particular, for a typical highly excited state, we expect L ∼ 1, and volume law should still hold. For a simple illustration, let us consider a highly ES with staggered number occupation in the momentum space (even points are occupied and odd points are unoccupied in the B.Z., which is half-filling), in a large 1D chain with total lattice sites L. Again EE between a contiguous subsystem A and its complement can be extracted from the matrix M jℓ ≡ c † j c ℓ ES,A . [25] Once we know the eigenvalues λ j of the matrix M , we can obtain EE from
Regardless of the simplicity of the formula for calculating EE, it is not a trivial task. In most cases, a heavy numerical work needs to be involved. Going around this issue, we instead calculate the particle number fluctuation of A:
, which provides the lower bound of the S A . [29] We consider a subsystem A with fixed L A /L = γ ≤ 1, in which (we drop the subscript ES to simplify notation)
where we define n k ≡ c † k c k , and change the momentum labeling from k = 2πm/L to m = 1, 2, · · · , L. For the special case of equal partition, we have γ = 1/2. In this case the second term of Eq. (6) vanishes because of the staggered occupation pattern in momentum space: Since only even momentum points are occupied, we have n m n m ′ = 1 when m − m ′ is an even integer only, resulting in a vanishing numerator for γ = 1/2. We thus find in this case
which scales as the subsystem volume, confirming the heuristic duality picture above. For the partition with general value of γ, first we notice that for odd |m − m ′ | = 2ℓ − 1 with ℓ = 1, · · · , L/2 (we assume L is even and then take the thermodynamic limit), the contribution is zero since n m n m ′ =m+2ℓ−1 = 0 due to the staggered occupation. We therefore focus on the contributions from even |m − m ′ | = 2ℓ ′ with ℓ ′ = 1, · · · , L/2 − 1. We first fix m ′ and perform the summation over ℓ ′ from 1 to L/2 − 1 ≫ 1 followed by the summation over m ′ which only covers n m ′ = 1 sites that gives L/2. The Eq. (6) becomes
where we numerically check for L = 10 7 ≫ 1 that for γ ∈ (0, 1) the prefactor above is alway positive, which still gives the lower bound of the EE scaling with volume.
For an arbitrary ES with completely random population in the momentum space, it is not easy to establish a rigorous bound for EE for a generic partition. Instead in the following we will consider appropriate limits in which ETH holds, in which case the EE volume law follows.
Eigenstate thermalization for a typical ES -Entropic volume law is a necessary, but insufficient condition for thermalization, namely the reduced density matrix taking form of thermal density matrix corresponding to the original Hamiltonian. In this section we consider the condition under which thermalization occurs for a typical highly excited state. To this end we consider a generic lattice and fermion occupation pattern. Explicitly the element M jℓ is where the occupation number n k = c † k c k for a typical ES is 1(0) for a occupied (unoccupied) state at momentum k, with components k j = 2πn j /L j , n j = 1, 2, · · · , L j and L j is the linear size along the jth direction (j = 1, · · · , d). For the moment we set L j = L, corresponding to a (hyper) cubic system.
As L → ∞, the discrete momentum points in the B.Z. become very dense and we can divide the B.Z. into a large number of cells (see left panels in Fig. 2) . Each cell contains g ≫ 1 points associated with the original momenta k. When L/L A → ∞ (we assume the subsystem A is sufficiently isotropic such that it is characterized by a single linear size L A ), we can require the linear size of each cell, δk cell to satisfy
With the condition above, for all the momentum points within the same cell the phase factor in Eq. (9) can be treated as a constant, exp[−ik m · δr jℓ∈A ], where m is the cell index and k m is its average momentum; we also introduce the corresponding single particle energy ǫ m = ǫ km for later usage [ǫ k is band dispersion]. We can thus divide the sum over momenta in Eq. (9) into two steps, first summing over momenta within each cell, and then sum over all cells,. We refer to the first step as a "coarse graining" procedure in momentum space, af-ter which the matrix element M jℓ becomes
where N m is the total occupation number within cell m and n m = N m /g is the corresponding average occupation. It should be clear by now while a specific ES is characterized by the detailed occupation pattern {n k }, M jℓ and thus reduced density matrix ρ A depends on the coarse-grained variables {n m } only. Therefore many different ES's will give rise to essentially the same ρ A , and the most likely ρ A corresponds to {n m } consistent with the maximum number of different {n k }; using standard statistical physics terminology, a specific {n k } corresponds to a microstate, while {n m } corresponds to a macrostate. Based on standard statistical physics arguments, a typical ES will result in ρ A corresponding to this most probable macrostate {n * m } in the appropriate limits specified earlier. Let us find out what {n * m } is. The only constraints an ES must satisfy are fixed particle number N and total energy E:
Without these constraints, for each macrostate {N m }, the number of distinct microstates is denoted as W {N m } = m ω(m), where ω(m) is the number of distinct microstates associated with mth cell,
The number of distinct microstates accessible to the state is Ω(N, V, E) = {Nm} W {N m }, where the summation goes over all the distinct distribution set {N m }. The distribution set {N n } that we are interested is the most probable one and can be obtained by considering the fluctuations of N m combined with the two constraints above. We introduce Lagrange multipliers α and β and examine the fluctuation of the distribution set {N m },
which is exactly the same expression as the Fermi-Dirac distribution from the grand canonical thermal ensemble if we identify α = −µ/T and β = 1/T . The above does not apply, of course, to an atypical ES like that illustrated the lower left panel of Fig. 2 . In the limit g → ∞ which follows from thermodynamic limit L → ∞, the chance of encountering such states vanishes and we do not consider them further.
Using the fact that n * is a smooth function in momentum space, the matrix element M jℓ for a typical ES approaches
for L/L A → ∞. We thus find that the RDM of a typical ES becomes the same as the thermal state density matrix corresponding to the original Hamiltonian, which gives an explicit example of the ETH [19] [20] [21] . We remark again that the realization of ETH is only valid in the limit that we are considering here, L/L A → ∞ (for sufficiently isotropic subsystem), since only in this limit the coarse-graining procedure is well-defined. For highly anisotropic subsystems, we need L/L A → ∞ along all directions for Eq. (10) to be valid, so that the coarse graining procedures outlined earlier can be followed. This is a slightly more stringent condition than simply having V /V A → ∞, which is the normally expected condition for ETH to hold. We also emphasize that the key step leading to the conclusion above, namely momentum space coarse-graining, is not an ensemble averaging process; it is averaging the occupation number in a momentum space cell within a single ES.
One diagnostic of thermalization is comparing EE with entropy of the thermal state with energy and particle densities corresponding to those of the ES. If thermalization occurs, these two entropies should be the same, as observed numerically [30, 31] under the appropriate conditions specified above. On the other hand, if we fix V A /V ∼ O(1) while taking the thermodynamic limit, thermalization is not expected to occur. In this case EE, while still following the volume law as demonstrated earlier, does not approach thermal entropy, as is also seen [30] . Thus all of our results are fully supported by the numerics of Ref. [30] .
Conclusion-In this Letter we show that in free fermion systems the entanglement entropy volume law of a typical excited state can be understood from the area law followed by their dual ground states via a position-momentum duality. For the subsystems whose sizes are much smaller than the total system, the reduced density matrix of the subsystem is shown to be the same as in the thermal state via a coarse-graining procedure in momentum space. This gives the simplest demonstration of the emergence of the eigenstate thermalization in free fermion systems.
